A numerical model based on two-dimensional shallow water equations is presented. The depthaveraged velocity components with free-surface elevation have been used as independent variables in the model. The finite element technique is applied to discretize the spatial derivatives.
due to floods is one of the most important parameters in designing bridges. The engineers' knowledge about this particular design parameter helps them to reach an optimum design for the shape of the bridge piers. It also assists them in selecting the most suitable material for manufacturing the piers in order to obtain the required strength. One of the other effective parameters in bridge design is the maximum of the water free-surface height, which hints at the suitable height of the bridge deck from the still water line.
On the other hand, selection of suitable locations for construction of the bridges is another important consideration in bridge design. Ordinarily, in view of all the important limitations for the design and manufacturing of the bridges, one can assert that a suitable location is where the river is at its minimum possible width. Although selection of this location could cause a reduction in the material and cost of construction of the bridges, careful consideration must be applied to the reduction in the width of the river which can increase the water free-surface height in front of the piers as well as the imposed forces due to the flood wave propagation. On the other hand, if the width of the river decreases abruptly over a short length, its shape resembles that of a contraction channel. In these types of channels, the influences of the water free-surface height and the imposed forces on the piers due to the flood wave propagation are considerably different from the rivers whose width varies over a larger distance.
Because of all the above reasons, in this paper, flood wave propagation is simulated through a contraction channel with different cross-sectional profiles depicting the upstream and downstream of a narrow section in a river. Accordingly, the behavior of the flood wave is analyzed and the geometrical effects of these types of channels on the water elevation in front of the cylindrical piers and the imposed forces on the piers are examined. Geometries considered as cross-sectional profiles include rectangular, parabolic and fourth degree polynomials. In order to model the flood wave propagation, the fluid is considered incompressible and the shallow water equations (Saint-Venant equations) have been solved numerically by the finite element method.
Several numerical techniques are available to solve the two-dimensional shallow water equations for the simulation of free-surface flows. These include finite volume methods (FVM) ( 
NUMERICAL METHOD

Governing equations
The mathematical description of the motion of a viscous incompressible fluid, in a nearly horizontal flow, is given by the Navier-Stokes equations (Hervouet ) as
Integration of Equation (4) and setting the atmospheric pressure P 0 at the water surface as the integration constant
where Z s is the water surface elevation (see Figure 1 ). From
Equation (5), assuming that P 0 is constant everywhere, we
Equations (1)-(3) can be integrated over the water depth (h) of a generic cross section. Taking Equations (6) and (7) into account with ignoring possible lateral inflows and outflows, the equations become
@v @t þũ Á grad ! ðvÞ ¼ Àg @Z s @y À gS fy ð10Þ By applying Manning's formula for their evaluation, we have
Equations (8)-(10) are called shallow water equations (Saint-Venant equations).
Finite element formulation
The Walters & Cheng () are important among others that report non-oscillatory results. Hence, to produce a smooth solution, mixed interpolation (quadratic for velocity components and linear for free-surface elevation) is adopted in the present study. Here, for the time-dependent terms, a finite difference scheme is used as follows:
where f is any unknown variable u, v and h. For other terms, a semi-implicit scheme is applied for the time
where θ is called the 'relaxation coefficient' and is always greater than 0.5. In the present study, for a semi-implicit scheme, the value of θ is taken to be 0.55 (Hervouet ) .
This semi-implicit scheme is accompanied by the nonlinear term h Á divðũÞ which brings out a product of the unknowns h n+1 andũ nþ1 which cannot be solved simultaneously. In order to overcome this difficulty, the following formula is adopted:
where h prop is called the 'height of propagation'. Similarly, for advection terms, we writeũ Á grad ! ð fÞ as
whereũ conv is the advection field. In these equations, h prop andũ conv are determined by a sub-iterative method. In other words, h prop andũ conv are considered equal to h n andũ n in the first sub-iteration step for every node. However, in the subsequent sub-iteration steps, these terms are determined for every node as follows:
where h 0 nþ1 andũ 0 nþ1 are the current estimations of h nþ1 andũ nþ1 resulting from the previous sub-iterations. Water surface elevation depends on bathymetry profile and water
. Accordingly, by applying Equation (15), the expansion of water surface elevation gradient is as follows:
or
Friction terms in Equations (11) and (12) are also nonlinear, and if we want to avoid undesirable numerical effects like totally artificial inversion of velocities under the effect of friction, they must be treated in an implicit way. In order to linearize theũ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi u 2 þ v 2 p term, it is discretized as follows:
The governing equations are reconfigured into a weak form by multiplying Equation (8) , and integration over the domain. As a result of these operations, the continuity equations become
The momentum equation in the x direction is
The momentum equation in the y direction is
By a finite element approximation of the dependent variables, the following system of differential/algebraic equations for the nodal unknown is obtained:
A description of the entries of the matrices and column vectors in Equation (26) is presented in the appendix.
The integrals in Equations (23) Figure 2 shows the flow chart of the model developed in the present study.
Determination of the drag forces
The flood wave force on the circular cylinder can be obtained by integration of the water pressure over the wetted body surface as follows:
where P is the pressure, n x and n y are the components of the unit vector in the normal direction of the boundary in the x and y directions, respectively, and S represents the wetted body surface.
The two-dimensional Saint-Venant equations are only able to specify the height and the velocity components on the water surface. Then, the wave pressure distribution on the surface over water depth can be determined by the Bernoulli equation (Equation (30)) as in
In order to calculate the imposed pressure force on the circular cylinder, the velocity distribution in the x and y directions and the water free-surface height are obtained. Firstly, the wetted body surface of the circular cylinder is divided by the square elements. The value of the hydrostatic pressure (i.e. the first term of Equation (30)) is computed at the center of elements by employing the water free-surface distribution around the circular cylinder. Also, considering the fact that the velocity components are constant over the fluid depth, the value of the hydrodynamic pressure (i.e. the second term of Equation (30)) is computed at the center of elements. By multiplying areas of the elements by their corresponding pressure, the imposed pressure force on every element is calculated. Lastly, the pressure force components of elements in the x and y directions are added in order to calculate the total pressure force in the two directions.
VALIDATION OF THE NUMERICAL SCHEME
To demonstrate the accurate modeling ability of the current numerical scheme, different cases are considered. First, a 1D dam break case in a horizontal channel, for which an analytical solution is known, is presented. Further, a 2D dam break test case is simulated and the result is compared against an available numerical result. Finally, the solitary wave scattering by a circular cylinder is computed and the result is compared with existing experimental data.
1D dam break problem
The one-dimensional dam break problem is a common test for evaluating shock capturing schemes in shallow flows.
Here, a dam is located at the midpoint of a channel whose Section 4 is located near the shock region, the accuracy of the computed results strongly depends on the mesh size.
In Section 1, even though the computed result for the water depth (Table 2) is improved by reduction of the mesh size, due to the small change in velocity components in this region, an overestimation of Q is observed. Based on observation of the indicated results, one can easily conclude that decreasing the mesh size increases the CPU time considerably, but improves the results impressively.
2D dam break problem
The two-dimensional dam break problem has been used previously as a benchmark test by Fennema & Chaudhry (, ). The problem models a partial dam break or rapid opening of a sluice gate. The computational basin has The solitary wave is generated at the left boundary of (Figure 10(a) ) and quartic, i.e. a fourth-degree polynomial (Figure 10(b) ) both with length For the stability of the numerical code, the relaxation factor is taken to be 0.55 based on previous experience.
Various contour line plots of flood wave propagation in a channel with a rectangular narrow section are presented in Figure 12 and with a quartic narrow section in Figure 13 Figure 14(a) ) and with a quartic narrow section (Figure 14(b) ) are demonstrated based on three different ratios of channel width (W ) and narrow section width (W g ). Because of the presence of the narrow sections, the graphs related to the narrow sections (W/W g ¼ 1.5, 2.0) do not follow the same trend as the time history plots of the free-surface elevation of the water for the regular channels without the narrow cross section (W/W g ¼ 1.0). This is primarily due to the fact that part of the wave, when passing through the narrow section, has been reflected and propagated in the opposite directions. The reflected wave crest causes a peak in the time history plot of the free-surface elevation for point A and the height of this peak increases with an increase in the ratio W/W g . To continue, with the passing of the reflecting wave crest and the subsequent arrival of its hollow at point A, the time histories of the free-surface elevation shows a negative value, indicating that the hollow will further decrease with an increase in the W/W g ratio. Also, in contrast to the channel with a rectangular narrow section, the maximum free-surface elevation for ratios (W/W g ¼ 1.5, 2.0) in the channel with a quartic narrow section, compared to that of the channel without the narrow section (W/W g ¼ 1.0), has decreased.
In Figures 15(a, b) time histories of the free-surface elevation at point B for channels with rectangular and quartic narrow sections are presented, respectively. By examining these two figures, one can conclude that an increase in the W/W g ratio at the narrow section location is equivalent to a decrease in cross-sectional area of the channel which itself causes the free-surface elevation to increase.
Time histories of the free-surface elevation at point C have also been determined for a channel with a rectangular narrow section (Figure 16(a) ) and with a quartic narrow section ( Figure 16(b) ). As observed in these figures, with an increase in the W/W g ratio, the maximum value of the graph reduces due to the increase of reflective effects.
Also, for the channels with a narrow section, during the passing of the propagated wave from point C, the free-surface elevation reduces. But later, due to the reflective waves from the sides toward the mid-sections of the channel, the free-surface elevation at that point increases again. Subsequently, with the passing of the propagated and reflected waves from the sides, the free-surface elevation approaches zero. In order to assess the effect of the shape of the narrow section of the channel, plots of time histories of the water free surface at points A, B and C have been offered for two types of channels based on a single ratio of (W/W g ¼ 2.0) ( Figure 17 ).
From the examination of these figures, it can be concluded that the shape of the narrow section has caused a phase shift between the plots of time histories at points A, B and C. Also, it is quite noticeable that the reflective effects in the case of a channel with a narrow rectangular section are more than those of a channel with a narrow quartic section. Because of this factor, the maximum of the free-surface elevation curve at point B for a channel with a narrow quartic section ( Figure 17(b) ) is higher than that of a channel with a narrow rectangular section. In the meantime, the free-surface elevation of the water (Figure 17(c) ), due to the effects of channel sides at point C, experiences the same trend as point B. for discretization of the computational domain using 4,400 triangular elements with 9,008 nodes ( Figure 18 ).
For numerical modeling of the advancing flood wave, the initial water depth of the channel is considered to be 1 m and the velocity components are assumed to be zero. The boundary condition at the upstream entrance region is assumed to be a known flux Q ¼ Q(t) (Figure 11 ), while at the downstream exit region, a uniform flow the channel, has been longitudinally reflected. One can also claim that larger wave reflection is directly proportional to an increase in the ratio of the channel width and the width of the narrow section. It was also observed that a sudden change in channel width (depicted by a rectangular narrow section) has larger effects than the case with a gradual change of width (depicted by a quartic narrow section).
To 
